IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On the Legendre map in higher-order field theories

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 3169
(http://iopscience.iop.org/0305-4470/23/14/016)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 08:39

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/14
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 3169-3182. Printed in the UK

On the Legendre map in higher-order field theories
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Abstract. We show how the construction of a Cartan form in higher-order field
theories defines a Legendre map, and how the regularity of this map may be described
in terms of a sequence of maps between ‘intermediate phase spaces’. We also show
how semi-holonomic jets are important in this context: they allow the definition of
regularity to be applied without ambiguity to the Lagrangian itself, and they permit
the specification of a unique Cartan form, Legendre map and covariant phase space
for second-order Lagrangians.

1. Introduction

Over the past decade there have been many studies of the global higher-order calculus
of variations in several independent variables. These studies have usually been set in
the context of jet bundles. Their objectives have been to construct Euler-Lagrange
equations for critical sections; to obtain Cartan forms, for use in the first variation
formula (the formula corresponding to the classical ‘integration by parts’ procedure
for obtaining Euler-Lagrange equations); and to find Legendre maps, which—with
a suitable definition of regularity—will permit the Euler-Lagrange equations to be
recast in a first-order Hamiltonian format. The continued interest in the problem
indicates that the task is by no means straightforward, particularly if the resulting
constructions are supposed to reduce to the standard, well known objects in the case
of a single independent variable. While a unique formulation of the Euler-Lagrange
equations can be found, and a Cartan form always exists, the latter will in general
not be unique if the order of the variational problem is greater than two, and if there
is more than one independent variable (the case of second-order problems is rather
special, and is discussed in a separate section below). As far as Legendre maps are
concerned, there still seems to be no general agreement on a suitable definition.

The main approach to the global problem of finding these objects has been to
provide a construction for a Cartan form, and several different techniques have been
employed for this. One, used notably by Krupka (1987), has been to define a class of
differential forms (‘Lepagean forms’) which satisfy certain properties; if a Lagrangian
is equivalent (in a precise sense) to one of these Lepagean forms then the equivalence
corresponds to the first variation formula, and the Lepagean form may be taken as a
Cartan form. The construction of a Lepagean equivalent may be carried out locally,
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using coordinates, and a global equivalent may be constructed by patching together
the local forms using a partition of unity.

A second technique has been to reduce the problem to first order, by considering
all except the highest-order derivatives as dependent variables in their own right.
This has been done in several different ways. Kuperschmidt (1980) gave a global
construction of a Cartan form by using repeatedly a version of this technique (see also
Saunders 1987, 1989b). Aldaya and De Azcarraga (1980) considered the problem in
terms of constraints and Lagrange multipliers, although there seem to be some hidden
assumptions in their work. Gotay (1989) has proposed a setting for these constructions
(including a Legendre map) which will form the basis of our own development later
in this paper.

A third technique has been to use connections, notably in the work of Garcia and
Murioz (1983) and of Ferraris and Francaviglia (1983). With this additional data, it
is possible to define a unique Cartan form. The works cited use pairs of connections,
although Kolaf (1984), in a paper employing yet another method of constructing a
Cartan form, has shown that a single connection is adequate for making a unique
choice of such a form. Similar to the use of connections has been an approach (de
Ledén and Rodrigues 1989) where the independent variables are assumed to be taken
from R™, rather than from a more general manifold: use of the standard coordinate
system in R™ then amounts to the specification of a connection.

The purpose of this paper is to show how the construction of a Cartan form by
the technique of reduction to first order may be used to give definitions both of a
Legendre map, and of regularity. Since the definitions reduce to the standard ones
in the case of a single independent variable, we hope that they will be accepted in
the present context. Qur new results arise from the use of semi-holonomic jets, which
are derived from the Spencer cohomology of jet bundles (Modugno and Mangiarotti
1983, Pommaret 1984). These are used to make a unique choice of Cartan form in
second-order theories, and to provide an unambiguous definition of regularity: they
correspond to the quasisymmetric operators of Kolaf (1984). We also give a geometric
decomposition of the Legendre map as a sequence of maps, following a technique
proposed by Gracia et al (1989) for the one-dimensional case. This decomposition
allows us to express our regularity condition as a set of several conditions, and in
coordinates these just correspond to the conditions given by Shadwick (1982).

The layout of this paper is as follows. In section 2 we describe some constructions
involving affine bundles and jet bundles: wherever notation is not described explicitly,
we follow that of Saunders (1989a). In section 3 we review the first-order theory,
following Carifiena et al (1989) and in section 4 we introduce the higher-order theory.
Section 5 contains our definition of regularity, and in section 6 we describe some special
aspects of the second-order case.

2. Affine bundles and jet bundles

Let A be an n-dimensional affine space, modelled on the vector space V. Since the
real numbers R form an affine space the set A' of real-valued affine functions on A
may be given the structure of an affine space of dimension (n + 1). If R is regarded
as a vector space then A! has a distinguished element (the zero function), so it may
also be regarded as a vector space. Some authors call A! the dual of A; we shall,
however, prefer to call A! the eztended dual of A, and reserve the term ‘dual’ for
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the n-dimensional affine space A* = A!/A°, where A° is the affine subspace of A'
consisting of the constant functions. Since A* also has a distinguished element, namely
the equivalence class of constant functions, it too may be regarded as a vector space,
and is then canonically isomorphic to the vector space V* dual to V. Note that, in
general, A° does not have a distinguished complement in AT.

Similar constructions to those just described may be applied fibrewise in the con-
text of affine bundles, and we shall be concerned in particular with those jet bundles
which have an affine structure. If (E, 7, M) is a bundle (with total space E, orientable
base space M and projection =) then its kth jet bundle will be written as (J*x, 7,, M).
For each k the bundle (J*, wk’k__l,J"'lw) will be an affine bundle. Furthermore, on
taking repeated jets, we find that (J'm,_,,(m,_1); o, J¥~!7) is also an affine bundle,
and that the canonical injection ¢ ,_; : J¥x* — J1m,_; defines a morphism of affine
bundles over J¥='x. We remark for later use that the vector bundle corresponding
to (J1m_1,(Txo1)1,0, J¥717) has total space 7\ T*M ® Vr,_;, where Vr,_, is the
sub—bundle/gf TJ¥=1r containing vectors vertical over M. We shall also consider the
manifold J*x, which is defined to be the submanifold of J7,_, where the two maps
by ko20(Me_y)y gand jlm_y 4o from Jlm,_, to Jlm,_, are equal. This, too, is fibred
over J¥~!7, and defines a third affine bundle (ﬁ\x, (Te—1)1 .00 JE=1x). We then have
the relations

Ll)k_l(‘]kﬂ') CJkr C Jl7rk_1

and the three manifolds are said to contain holonomic, semi-holonomic and non-
holonomic jets respectively.

We shall normally take a fixed volume form Q on the base space M, and choose
coordinates z* such that Q may be written as d™z = dz! A ... A d™z; we shall also
write d™~ 1z, for the contraction 8/0z*1d™z. If adapted coordinates (z*,u®) are
chosen on the total space E, then ihe induced coordinates on J¥7 are (z*,uf), where
I is a multi-index satisfying 0 < |I| < k. The induced coordinates on Jim,_, are

(¢*,u§,uf;) where now I satisfies 0 < |I| < k — 1. The submanifold Jkx is defined
locally by the equations

a —_— o
Uri = Urq,

for 0 < |I| € £-2; the submanifold Ll’k_l(Jkﬂ') is then defined by the further equations

o — [+ 4
Uri = UJ;

whenever |I| = |J| = k—1and I +1; = J 4+ 1,. In coordinate representations, we
shall generally use the same symbol to represent a function or form, and its pull-back
to a higher-order jet manifold.

It is important to note that, in general, Ll’k_l(‘]kﬂ') does not have a distinguished
complement in J!r,_,. In contrast, however, ¢y ¢—1(J*7) does have a distinguished
complement in the semi-holonomic manifold J¥7. To describe this complement ex-
plicitly, let § : A"T*M ® SIT°M —s /\r“T"M ® S971T*M denote the Spencer
coboundary operator. This is the vector bundle morphism induced by the inclusion
map SIT*M — T*M ® ST 1T*M. At each point p € M this morphism may be
written in coordinates as
§(dz't AL Ade @dal), = D I()(de Adat AL AdZ @ deY),

J+l,’=I
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where I(j) represents the number of occurrences of the index j in the multi-index
I; the sequence formed by successive maps § is exact. We shall be interested in the
particular map 6 : T*M ® S*~1T*M — A’T*M ® S*~2T*M; if we consider the pull-
backs of the domain and codomain bundles to J¥~!7, and take the tensor product of
the induced map with the identity on 7}_, ,(V7), we obtain a map

§:m_(T'M @S 'T*"M)® m_, oV — 1 (N'T"M @ S* *T"M) @ m;_, (V.
It may be shown (Pommaret 1984) that
TEr = J*x % juer, Im(6)

and we shall let 7, : J¥x — J¥*x be the corresponding projection. Note in particular
that, when k = 2, the exactness of the Spencer sequence implies that Im(6) is the
whole of 7t A’T*M ® ™oV

3. The first-order theory

Let L : Jir — R be a Lagrangian. The Cartan form of L may be defined to be
the m-form ©; on J!x given by the equation @ = Sq JdL + L7x}Q, where S, is the
vertical vector-valued m-form on J! 7 corresponding to a given volume form Q on M.
In coordinates

oL

- a
bu

o, (du® — ufdz!) Ad™ "1z, + Ld7 2.

The Cartan form satisfies the first variation formula
E(dL) = Ty dL AT+ d, 0,
where E(dL) denotes the Euler-Lagrange form

oL  d 0L\, .. .
E(dL)—(ﬁ—mau?)du Ad™z.

The set of points in J2r where E(dL) vanishes is called the Euler-Lagrange manifold
for L, and if ¢ is any critical section for L then j%¢ must take its values in this
manifold.

In order to construct a Legendre map, we may use the theory of affine duals as
in (Carifiena et al 1989). This theory involves the affine bundle (J‘1r,7r1y0,E), its
extended dual bundle (J#t, 7] ;, E), and its dual bundle (J'x*, 77 o, E). We shall
write g : J'xt — J'#* for the canonical projection from the extended dual to the
dual, so that 7] jopu = 7"1,0' We shall let (2, u®, p, p) be the induced coordinates on
Jix' and (z',u®,p’,) be the corresponding coordinates on J!7r*.

For each point a € E, the fibre (J!7), is an affine space, and we shall denote the
restriction of L to this fibre by L. If j;qb is any point of J1 7, the differential dL¢(P)
may then be evaluated at jgd: to give a real-valued affine map on the fibre (]17r)¢(p).
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It follows that this map dL,,)| | ; is an element of the extended dual space (le)L(p),

and we shall denote the correspondence Jin — Jixt, ]p¢ — dL¢(p) by Leg;

the composition u o Leg/L will be denoted leg ;. (In Cariiiena et al 1989 these two
maps were denoted by L and FL respectively.) In coordinates, we have for Leg

o 0L
poleg, =1L H dug
; oL
p. oleg; = —
« L™ Bug
and for leg /
Pu olegL = a?.

]
We may use these relationships to define local momentum functions on Jlm: we shall
set Pi = p', oLeg; and P = p o Leg;, so that we may rewrite the coordinate
description of the Cartan form as

O, = PLdu® Ad™ !z, 4+ Pd™z.

The reason for adopting this terminology is that each of the maps Leg ; and leg
has some claim to be called the Legendre map for L. On the one hand, the manifolds
Jizr and J!7* have the same dimension, and the usual condition for regularity in

first-order field theories, det (azL/auf‘ 3u?> # 0, corresponds to the map leg; being

a local diffeomorphism; we may also say that the Lagrangian is hyper-regular if leg
is a global diffeomorphism. In these circumstances, it is reasonable to call leg; a
Legendre transformation. We may define a Hamlltonlan system on J!7* as a section
h of the bundle (J!x', u, J'7*), so that H = p o h is a local Hamiltonian function on
Jiz*, and then a hyper-regular Lagrangian induces a bijection between solutions of
the Euler-Lagrange equations, and solutions of Hamilton’s equations.

On the other hand, the map Leg, has a close connection with the Cartan form
©,. This arises because the volume form Q defines a natural identification of the
dual bundle Jir* with a bundle of m-covectors over E, namely the sub-bundle of
AT T*E containing those m-covectors § satisfying i.i,6 = 0 whenever both the vectors
&,n € TE are vertical over M. In coordinates, such an element § would be written as

= 0,du* Ad™ 'z, + 6,d™z.
The correspondence between this bundle of m-covectors and Jix! is then given in
coordinates by letting 8(jl¢) = 6,uZ(j1¢) + 6, whenever 8 and j;¢ project to the
same point ¢(p) of E. This identification of J!x! as a bundle of m-covectors means

that it carries a canonical m-form ©, whose value at 8 € J'x! is just the pull-back by
7r'{’0 of 6 from E to J!xt: in coordinates,

O =p' du®* Ad™ 'z, + pd™z.
It is clear from this coordinate description that the Legendre map and the Cartan
form are related by the formula ©; = Leg} ©. Indeed since ©, is semi-basic over E,
it may be considered as an ‘m-form along 7, ;": that is, a map assigning m-covectors

on E to points in J!7—in other words a map J!r — J!x!. With this interpretation,

the Cartan form ©; and the Legendre map Leg ; are not merely closely related: they
are, in fact, identical.
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4. The higher-order theory

Let L : J*7* — R be a kth-order Lagrangian. By analogy with the first-order theory,
one objective of the higher-order theory is to construct a Cartan form and an Euler-
Lagrange form so that the first variation formula

E(dL) = W;k,de A W;kQ + dheL

will hold. Most of the published work on this problem agrees that there is a unique such
Euler-Lagrange form, whereas (in the absence of additional data) there is normally
a lack of uniqueness in the Cartan form. In section 6 we shall describe an explicit
construction of this formula in the second-order case; for the moment, we shall simply
repeat the standard results. The coordinate representation of the Euler-Lagrange
form is

dL) Z( 1)”'——15-(—;(1 u Ad™z
(=0

and the representation of any Cartan form is

k-1
0, = E Plidue Ad™ 1z, + Pd™z
1I1=0
where
k-1 '
P=Ld™z- ) uf P
{1]=0

where the local momentum functions P! satisfy

I()+1( oL -
PI.i = I
@ 7| +1 <8u}’+1' +Qa )

for [I| =k -1 and

) +1 oL
PI:_ (l) ( Ii_ P1+1 ])
H|+1 \Ouf,,, + Qs

for 0 < |I| < k — 1, and where the functions Q%* satisfy 3", _; QL = 0 for each
multi-index J. The functions Q1 are in general not determined by the Lagrangian
L, and give rise to the lack of uniqeness of the Cartan form.

The main constructions in this paper involve a Legendre map corresponding to
a Cartan form ©p, and we shall define such a map by analogy with the first-order
theory. Since O is defined on J2*~!r and is semi-basic over J*~1x, we may regard it
as a map from J2*~1x to J'x!_, fibred over J¥~1x, and we shall denote this map by
Leg ;; this will be the map which we shall call the Legendre map for L. In a similar
way, we shall denote the composite of Leg; with the projection Jix}_, — Jlmx}_,
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by leg ;. The lack of uniqueness of the Cartan form will obviously carry over into a
lack of uniqueness of the Legendre map.

Although we shall not repeat the explicit construction of a Cartan form for L, it is
nevertheless important for us to explain the first stage of its construction, as we can
describe a technique whereby those non-symmetric quantities Q%% with |I| = k — 1
may be chosen to be zero. We shall use the method of reduction to first order, and
assume that there is a first-order Lagrangian L : J'7,_; — R satisfying L;'HZ =1L.
We may then apply the first variation formula for L, giving

E(dL) = (m_1)31dL A (me_1)3Q + 4,0

as an (m + 1)-form on J2m,_,. Now the pull-back L;,k_lE(dE) is semi-basic over
JE=1x and so a version of the first variation formula may be applied to continue this
process, finishing with a form semi-basic over the total space E; the Cartan form for L
is then the sum of the various ‘partial Cartan forms’ constructed using this procedure.
The point to note is that the non-uniqueness in the Cartan form arises from the need
to extend forms defined on holonomic manifolds J¥*+"~1x which are semi-basic over
JE-r+lx (for 1 < r < k) to forms defined on non-holonomic manifolds J2~ !, _.
which are semi-basic over Jlm,_,, and that the only occasion where there may be
non-symmetric terms added to the highest-order derivatives dL/du§ (with |I| = k)
occurs in the case where r = 1. that is, where dL is extené_c;d to dL. We may now

take advantage of the existence of a complement to J*x in J*x, and specify that any

extension L should satisfy Zlﬁ\, = 7y L, so that its values on the semi-holonomic

manifold J¥r are determined. From the coordinate relationship

R T6 PR

with |I] = k — 1 we find that

. oL I()+1 &L

i =
Lk-1g o a :
(?u“ k Bul“l

The coordinate expression of Oy therefore becomes

B I()+1 L -1
Or= ), ——k——wdui’/\dm T+ ...
[l=k-1 +L

so that Q%* = 0 for |I| = k—1: in other words, the highest-order momentum functions
Pi" are totally symmetric.

5. Regularity

In first-order theories, a Lagrangian is called regular if the corresponding Legendre
map leg; : J'x — Jlx* is a local diffeomorphism. A similar definition is used in
higher-order theories with a one-dimensional base manifold. The complication when
dimM > 1and k > 1 is that the map leg; : J2¥~!x — Jl#]_, can be neither locally
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injective nor locally surjective. It is, nevertheless, possible to define the regularity of
a higher-order Lagrangian L in terms of the rank of its Legendre map, and we shall
see that this is independent of the choice of extension L.

Our definition will be that the Lagrangian L is regular if, at each point of J
the rank of the Legendre map leg; equals dimJ¥x + dimJ*¥~17 — dim E: we shall
denote this latter number by N(E, M, k). Note that, when k = 1, N(E, M, k) equals
both dim J!r and dimJ'7*, and that when dimM = 1 it equals both dim J2*~!x
and dim J!#}_,: in both these cases, therefore, our definition reduces to the standard
one, and then N{E, M, k) is actually the dimension of the phase space. It turns out
that for second-order field theories it is also possible to define a canonical phase space
whose dimension is N{E, M, 2), as we shall show in section 6. In general, however, it is
not possible to express N(E, M, k) as the dimension of a canonically defined covariant
phase space, because the definition of such a space depends on the choice of Legendre
map.

We have been led to this definition of regularity by studying the generalisation, to
dim M > 1, of a construction introduced by Gracia et al (1989) in the one-dimensional
case. To demonstrate how our definition arises, we shall suppose that a Lagrangian L
is given, and that a Cartan form ©, and associated Legendre map Leg, : J?* 17 —
lel_l have been chosen. We shall then decompose the map Leg; into a sequence
of maps L, : K, — K,,, for 0 < s < k — 1, where each K| is a submanifold
of J#-1-sg X Jh—1y le{_l, and where for each s the map L, introduces the local
momentum functions P!% where |I| = s. The first step in this decomposition will
be to give a definition of K,, and for this we shall generalise the technique used
by Gracia et al (1989). We shall need to use certain vector-valued 1-forms S, on
the jet manifold J¥~'x which generalise the almost-tangent structures on higher-

order tangent manifolds: these may be defined intrinsically (Saunders 1987) and in
coordinates are written as

2Ic—l7r’

k-2
(J+ K+ 1) oVlw, : 4
S, = : S(duk — vk, d2) @
!J-l;:o (J+1)K! 5a7 (ke = Ui, 427 Oufy 41,

where w = wjd:l:j is a closed 1-form on the base manifold M. We shall use the

operators S, to construct two families of m-forms on J2~!=*x x ;,_,, J17r£_1, where
each family is parametrised by an s-tuple (w?,...,w?*) of closed 1-forms on M; we shall
let K, be the submanifold where, for every such s-tuple, the corresponding two m-
forms are equal. The construction involves the repeated contraction of vector-valued
1-forms S with two given m-forms; although the m-forms to which we shall apply the
operators S, are defined on J2*~1r and J!x}_, respectively, they are both semi-basic
over J¥=1x, and so the pointwise operation of contraction may be considered to be
taking place on J*¥~!r.

The first family of m-forms will be constructed from the canonical m-form © on
J17r,t_1. The contraction S, J ... JS,, 1© is another m-form on lel_l, and this
may be pulled back by the fibre product projection to an m-form ©w?, ... ,w*] on
Jek-1-sn X yxoig Jlﬂ'l—l'

The second family of m-forms will be constructed from the Cartan form ©, on
J2¥=1x_ The contraction S, 1 ... JS_, 1 ©; is another m-form on J2*~!x, and it is
semi-basic over J2¥~1=*x because O, is semi-basic over J¥~1x and the effect of each
contraction with 5. is to reduce the order of each derivative differential du§ by at
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least one. Indeed, this m-form is actually basic over J2¢~1=*x because the coefficients
which involve the s highest-order derivative coordinates are attached to the s lowest-
order derivative differentials, and these vanish after contraction with S, 1 ... 1S,
(the coefficients in the representation of S_; are of course pulled back from M). It
follows that the m-form S_,1...15,,1©, is projectable onto J2k=1-sx and the
result may be pulled back by the fibre product projection to an m-form O [w!,...,w’]
on JH-1=8x x 1y, lel_l.

Now define K, to be the subset of points a where O[w?, ..., w*], = O, [w},...,w’],
for every s-tuple (w!,...,w®). We claim that, for 1 < s < k-1, K, is just the
submanifold given in coordinates by pl* = PL* for s < |I| < k — 1, where pl* are the
coordinate functions pulled back from Jlx!_,, and P17 are the pull-backs of the local
momentum functions described in section 4. To see this, note that

k-1
© =Y pliduf Ad™ 'z, +pd™z
17]=0

so that

-1
O, ..,w'] = Z Zpg"w;l oow] (duf — ug_de:ck) Ad™ g,
H|=s (*)

k-1
+ Y YR W, et (duf - uyy, daF) AdT T e
Hl=s+1 (1)

where the sum indicated (#) is over all J such that J 4+ 1, +...+1; =1 (so that
|J| < k—1—s), where the sum indicated (1) involves the multi-index K satisfying
|K| < k—1—s, and where the functions F! involve the coefficients of the w3 and
their derivatives. On the other hand

k-1
0, = Z Plidug Ad™ 1z, 4+ Pd™z
|Il=0
so that
k-1
OLl',...,w']= PLiL W (du§ — uSyy, dzF) A d™
{I|=s (*)
k-1 .
+ P;"Ff(wl,...,w’)(du?(-—u}’wlkdzk)/\dm'lzi
[1j=s+1 (1)

where (), (1) and F' have exactly the same meaning as before. If each w? is taken
to be locally equal to one of the coordinate functions dz* then all the functions F!
vanish; by considering all possible combinations of the dz’ we see that pl* = PL# for
s < |I| £ k=1 at every point in K,. It is then clear that considering any other s-tuple
(w!,...,w?*) introduces no further restrictions because the functions F! and the sum
(1) are the same for both the m-forms, and only involve those p/# and Pl which are
already known to be equal.
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We still have to consider the cases s = 0 and s = k. When s = 0 it is clear that
K, is given by pli = PL? for 0 < |I| < k — 1, together with the further restrlctlon
p = P, and this submanifold is just the graph of Leg; in J%*~!x X jx_1, J? xl_,, and
so is diffeomorphic to JZ~ !, When s = k both the m-forms vanish, so that K is

the whole of J¥~1x X jx_1, J? 7rk 1» which of course is diffeomorphic to lerk 1
We shall now define the map L, : K, — K, to be the restriction to K, of the
canonical map

. J?k—l—s

: 1.t 2k-2-4 1.t
Tok—1-s,2k~2-5 X 1d T X gumrg I oMy = J LI ST PR P

Of course we must check that this restriction does actually take its values in K, , ,, but
this is clear because Ty _;_, 5., simply forgets the derivative coordinates of order

2k — 1 — s, and these coordinates only appear in the momentum functions P! with
|I| < s and so are not involved in the constraint equations for K, ;. We therefore
have the sequence of maps

Ly
_—

- L L -
J*-lg > K =K I\',ci—“_‘.]lwl_l

and it is evident from the coordinate representation that
Ly_yo0...0Ly=Leg;.

Finally we observe that this sequence of submanifolds and maps is projectable in its
entirety from J2%=1=%x x ;o Jinl_| to J=1=%x x .y, Jixi_,: this is because
none of the submanifolds K, (1 < s < k) and none of the maps L, (0 < s <k —1)
involves the coordinate p on Jlx}_,. We shall let the projected sequence be

JR-lpx g lo g B, Boip o glpx

and now
lk—l 0...010 =legL

If we take coordinates (z*, u5,pL¥) on K,, with 0 < |J| < 2k—1—s5and 0 < |I| < s—1,
then

z‘ola=a:‘

ol =ub 0<|J| <2k -2
JOl, =Yy > = — 4§
piloly=pl  0<|I<s—1

the only non-trivial effect of I, may be seen in the functions Pl* = plf o, with
|J| = s, and it is clear that the rank of I, depends only on the rank p(s) of the matrix
OPLi 10w’ with |I| = s, |J| = 2lc — 1 —s5. Furthermore, the rank of leg; may easily be
seen to equal dim J*¥~17 4 E, —o P(s), so that leg; has maximal rank exactly when
each component map [/, has maximal rank. In the special case of a one-dimensional
base manifold M, we ﬁnd that all the ranks p(s) are equal, so that there is really
only one condition to be satisfied, whereas in the more general case the ranks of the
component maps may be different.
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It is at this stage of the argument that we make use of the semi-holonomic jet
manifold. If we examine the dependence of the functions Pl on the coordinates
ug with the given values of |I| and |J|, we see that this dependence can only arise
by taking (k — 1 — s)-fold total derivatives of the highest-order momentum functions

PX* with |K| = k — 1, and we have seen that these may be determined uniquely
by extending the Lagrangian L to 73 L : J¥# — R. The components of the matrix
opPlLiy Bug are then just symmetrised combinations of the components of the Hessian
matrix of L, and this is the form of the regularity condition given by Shadwick (1982).

The crucial consequence of this use of semi-holonomic jets is that the rank of the
map leg; no longer depends on any of the choices made in the construction of the
Cartan form O}, so that we may speak without ambiguity of a regular Lagrangian as
one whose Legendre map leg ; has maximal rank. Indeed, we can even calculate what
this maximal rank should be: it must be the same as the maximal rank of a Legendre
map where all the local momentum functions P»¥ are totally symmetric. The number
of such symmetric functions PI+1: with 0 < |I| < k~ 1 equals dim J¥x — dim E; since
the map leg ; is fibred over J¥~ 17, it must take its values in a manifold of dimension
no greater than N(E, M, k) = dim J¥='x + dim J*¥r — dim E. Consideration of the
example L = 37,/ > a=1(u§)? shows that this rank can actually be achieved. We
see that the Legendre map leg; for a regular Lagrangian is a submersion onto its image
(although this is not a sufficient condition for regularity), and so leg ; will admit local
sections. If, for a regular Lagrangian, there is a Legendre map leg; which admits a
global section ¥, we shall say that L is hyper-regular; the composition Leg o ¥ will
then be a global section of the restriction of the bundle J11r,Tc_1 — Jirp_, to the
covariant phase space Im(leg,) and so will define a Hamiltonian system. Since the
map leg; is not injective, there will generally be many sections ¥ passing through
any given point of J2*~1x and so the correspondence between the Euler-Lagrange
structure and the Hamiltonian structure will in general not be unique.

6. The second-order case

According to the description of the Cartan form and Legendre map given section 4,
the case of second-order field theories would seem to be subject to the same lack of
uniqueness as any other higher-order case. There have, nevertheless, been several
demonstrations that in second-order field theories a canonical choice of Cartan form
may indeed be made, and we shall show in the present section that this is another
consequence of the use of semi-holonomic jets. We shall also be able to give an explicit
description of the covariant phase space. We shall not use multi-index notation for
the second-order theory, but will instead let coordinates on J2r be (:r",u"‘,u,‘-’,u:?’j)
(with uf; = uf) and those on J'm, be (z*,u® uf,u%, uf;), with the appropriate
modifications for the other manifolds which we shall need.

Given amap L : J'm;, — R which extends a second-order Lagrangian L : J?r —
R, the local momentum functions for L are given by

Y oL
P=poLegy=1L- “fj'aug- ‘“?Jaugj
oL

P(;":pgoLegzz

a
Bu‘j
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8L
Su?

P”J —p"’oLegL_
ij

so that the Cartan form for L is

ouf

O = (;I;(du - u%de®) + 5
1,

oL (dug ~ u;{,,dz*)> Ad™ 1z, + Ld™z

and the Euler-Lagrange form is

. 8L 4 8L o« am 8L d oL « . am
E(dL) = (8u" dzi ous >d Ad z+(8 o dg 6u3j>du‘ AndTa.

By writing the equation dL = ¢} ;dL in coordinates and equating coefficients, we find
that, on the holonomic manifold J?r,

8L . 8L

Bus M1 oum
a_L = ﬂ + 81:
ug = 1\ Bug T Bug

oL _ , n(ij) { 8L + oL
Bug 1172 oud; = Ouf,

8] i

where n(ij) denotes the number of different indices represented by ¢ and j, so that

* oL . L
LI‘IOE = [(5;‘? - Ll'lﬁ) (du® — ukd:zz )

+LI‘1%(du? - u?kd:ck)} Ad™ 1z + Ld"e.

Now at each point ]p¢ € J3, the pull-back Ly 1E(dL) 26 is an (m+ 1)-covector on
J17 which may be expressed as nA (=} Q);14, where n € T ,¢J17r The cotangent vector
P P

7 is of course not unique, but the difference between any two such cotangent vectors
is horizontal over M; it follows that (Sq);14d 7 € A" T}, J'7 does not depend on the
P P

particular representative . We shall let Sq(E(dL)) denote the m-form constructed
by this method; it is an m-form on J3r semi-basic over E, and in coordinates may be
written as

. (8L 4 &L .
Sa(E(AL)) = i3, (8u dz‘aa)d Ad™ Tz,

If we set

Op =m1,09F + Sa(E(dL))
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then in coordinates

8L ., d oL .
O = [(a_ -a—a—) (du® —uidz")
J
6 k m-1 Ld™z
+216a(du —uddz")] Ad z; + .

If we allow arbitrary extensions L of L then this expression is not defined uniquely,
for the derivatives 0L/0uf; do not define unique functions on J37. We may, how-

ever, specify that any extenswn L should satisfy LI —~ = 75 L, where the coordinate
description of 7, : J27r — J27is

Ul oy =

1
ij n(i7) (uf; +ufs) -

n(ij
With this understanding, we find that

6L 1 8L
dug,  n(if) Bug

and so we may make a canonical choice of Cartan form with coordinate representation

[fer 1 4 6L N
Or = Kau; " n(i7) dz augg.) (du® — updz")

1 8L
n(ij) Ou

(du —u,kdm")} A"l 4 Ld™ g
Since the Legendre map leg; : J37 — J!#] corresponding to this canonical
choice of © satisfies

1 oL
n(ij) Ouf;

piioleg; = —— =plioleg,
we may use this condition to determine the covariant phase space for L. Recall that
the complement of L111J27l' in 727 is 7r’{/\2T*M® w;)OVw, and that this may be regarded
as an affine sub-bundle of J!m, over J!n. The fibre-affine maps J'=; — R which are
constant on the fibres of this sub-bundle define a sub-bundle (7] A>T*M ® T V)€ of
J'x!, and this construction passes to the quotient to give a sub-bundle (7} NT*M @
71 oVm)° of Jlx}; the notation is chosen because this vector bundle is canonically
isomorphic to the annihilator of 73 A’T*M ® TioVm in (ai{T*M @ V)", the dual
of the vector bundle associated to J'm,. It follows from this description that the
total space of (7} /\ZT‘M ® m] ,Vm)° is the submanifold of Jl7} defined locally by
’J = p{;‘, so we see that legL takes its values in thls mamfold Furthermore, the
dlmensmn of this manifold is (m + n+ mn) 4+ (mn+m?n — mn(m—1)), which equals

N(E, M,2) = dim J?r + dim J!x — dim E; it follows that (v} A’T*M © =} (V'r)° may
be regarded as the covariant phase space for second-order Lagrangians.
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